This paper presents a state-of-the-art review of literature available for the structural assessment of all types of mitred pipe bends. Compared with smooth bends, the volume of literature available for mitres is less extensive and its scope is not as wide. Historically, this reflects a reduced application level, as well as a less demanding range of applications, such as non-high temperature use. There is also the issue that an analysis of a mitred bend is complicated by discontinuity stresses, as well as those due to cross-section ovalisation. This fact, delayed the development of non-linear analysis of mitred bends. Nevertheless, there is now a substantial body of work on mitred bends. This review tabulates and characterises all publications to date in chronological order. The details of experimental specimens are highlighted, with a view to these perhaps providing useful verification data for any future finite element analysis for example. Issues of particular interest to pipework designers are discussed, including the effects of combinations of loading, out-of-circularity, tangent pipe length and flanges. Failure characteristics and loads are discussed where relevant. Topics for further research are also noted. For example, comprehensive design curves do not exist for the elastic and plastic behaviour of all mitre types, over a practical range of geometry and loading parameters. Similarly, there is still scope for further work on the effect of combined loading, end effects and out-of-circularity. Limit, collapse and burst loads are not yet available across the entire spectrum of bends and loading parameters either. Creep and optimisation represents virgin territory as far as mitred bends are concerned and given that unforeseen vibration is a common source of high-cycle fatigue failure in pipework, there must also be scope for vibration induced fatigue studies.
Introduction
Mitred bends are widely used in industry. In particular, applications include large diameter pipework or ducting in chemical complexes, desalination plants, water supply and nuclear power stations, where the manufacture of smooth bends may be either impractical or uneconomical. In many cases designers will prefer to utilise smooth pipe bends due to the lack of discontinuity, the relatively smaller stress concentration and the more favourable flow characteristics. However, in large diameter applications or applications with restricted space or a tight budget, mitred bends still find application.
A detailed review and assessment of every document published on mitred bends is obviously not possible within the scope of this paper. The main aim of this review therefore is to draw attention to the information available in the open literature, to give the reader an indication of scope, to highlight specific topics of interest to the designer and to identify
Review of Literature on Mitres
This paper presents an up-to-date and comprehensive list of all references relating to the structural behaviour of mitred pipe bends of all types. The general nature and content of these publications is presented in tables 1 -3. A more extensive review of the literature, up to 1983, on all aspects of mitred bend behaviour is available in a supplement to reference [35] . This reference discusses the significant conclusions from each publication, which is obviously not possible in the present paper, due to space restrictions.
Before considering any details relating to previous work, it may prove instructive to discuss the general structure of these tables and how they may be used. There are 3 tables -one for single un-reinforced mitred bends, one for single reinforced mitred bends (where the mitre intersection is reinforced in some way to reduce ovalisation and hence stresses) and one for multi-mitre bends (also known as gusseted or lobster-back bends). The 'spectrum' of mitred bends is illustrated in figure 1 . This figure shows the convergence towards a straight-pipe solution as bend angle increases and towards a smooth pipe solution as the number of segments increases. It should be borne in mind however, that any welded intersection will give rise to localised peak stresses, which will in turn be important in relation to fatigue performance.
The various types of reinforced mitre bends are shown in figure 2. The types of mitre reinforcement includes: (a) Weld metal -even this represents a degree of mitre reinforcement. It will generally be more significant for bends of high a/t ratio (where 'a' is the mean radius of the pipe and 't' is the pipe wall thickness) and will have a role in the determination of fatigue hot-spot stresses. It is also recognised that any mismatch between weld and parent metal will also affect the degree of reinforcement at the intersection. (vii) . The figure shows a variable profile ring, but uniform profile is also used. The possibility of determining an optimum profile also exists, but this has never been investigated. (f) Represents an assumption commonly made in the analysis of mitred pipe bends, prior to the popularity of finite element analysis. This has been shown not to be representative, even for reinforced mitres. Types of Reinforcement
Many large diameter mitred pipe bends may a l s o h a v e s o m e f o r m o f i n t e r n a l reinforcement due to the cascade blading, which is sometimes attached to the inside surfaces of the elliptical insert (c), to improve flow characteristics. The effect of this is limited in some designs by connecting the blading to the bend at 'neutral' positions and using sliding joint connections.
As can be seen from figure 2, the variety of reinforcement that can be used to reduce the stress concentration effect and ovalisation of the elliptical intersection is large. Holland [20, 47] emphasized the dangers in assuming a perfectly clamped joint (f) when analysing a reinforced mitre. Owen, Holland & Emmerson [12] , for the case of internal pressure, discussed the problems of selecting the most appropriate size and shape of stiffening ring.
If the segment length of a multi-mitre was large enough to permit the analysis of each intersection as a single mitre, then the information relating to single mitres would be directly applicable.
In the tables, for each type of bend, the references are presented in chronological order. This can in itself provide an interesting picture of activity in this area. For example, the early interest was clearly driven by the design considerations of the Magnox nuclear power station development in the UK. The design of these stations required large diameter ducting, which generally precluded the use of smooth pipe bends. This work was clearly challenging from an academic viewpoint and as a consequence generated research activity in a number of UK Universities. The extensive research activity by Kitching at the University of Manchester, over a long period of time, is noteworthy in this regard.
The new ITER fusion nuclear reactor [92] is likely to utilise mitred bends in the waveguides. These waveguides, which are 72m in length, but only 63.5mm diameter, include 9 mitred bends. Although the principles of operation of the fusion and early Magnox reactors are completely different, it is interesting to note the similarities in terms of solutions to the challenges brought about by the operating temperatures. Instead of transmitting a fluid containing energy, the evacuated waveguides transmit microwave power. To minimise transmission losses, the thermal distortion of the lines must be minimised and to this end, the transmission lines contain expansion bellows. The mitred bends contain mirrors to reflect the microwave beam and these must also be held 'rigid' during operation. In addition, the bends absorb small amounts of power and will have to be actively cooled. Mitres pipes are also present in pebble-bed reactor designs. Interest in mitred bends for nuclear power generation is not at an end, it would appear.
The early work in the US, laying the foundations for the fatigue strength reduction factor, stress concentration factor and flexibility factor data in today's ASME design codes for such components, is also apparent in tables 1-3. The trend in mitred bend publication is shown in figure 3. Mitre Pipe Bend Publications
The data in tables 1-3 distinguishes theoretical and experimental papers, for in-plane bending (IPB), out-of-plane bending (OPB), torsion (TORS) and internal pressure (PRESS). The tables also detail the salient dimensions of the experimental specimens. This would hopefully allow anyone seeking validation for any finite element model to select an experiment with similar characteristics. The loading arrangements, typically used in experiments, are shown in figure 4 . From these arrangements, it is clear that in some cases, the loading is not symmetrical about the mitre intersection and as a consequence, each leg of the mitre will have a different stress field. So for example, in many instances, a notional out-of-plane bending load will also subject parts of the bend to torsion and shear (including the mitre intersection).
Figure 4. Typical Experimental Loading Arrangements
Unlike experimental studies, theoretical analyses invariably examined simplified symmetrical cases, with one loading action. Finite element studies, have also been employed to examine various unit loading cases as well as to accurately reflect an experimental test set-up. Various unit loading cases may be examined using the force actions shown in figure 5. These unit loading cases, may be built up into more complex loading scenarios using the Principle of Superposition of States (where relevant). There are various effects that can invalidate this principle, including plasticity, large displacements and contact. In the case of pipe bends, the presence of pressure loading can also invalidate superposition of results from individual loading cases and this is discussed further in section 3.1. Use of symmetrical and asymmetrical boundary conditions can be used to restrict the model to a quarter of the bend in the illustration shown. With the increasing power of computers, asymmetrical (perhaps even symmetrical) idealisations are less likely to be used, with most analysts simply modelling the entire geometry. Tables 1-3 also identify any references where plastic behaviour has been examined (e.g. burst or collapse loads). These papers are often experimental in nature. The tables also highlight any unusual considerations under the column heading 'OTHER'.
Special Interest Topics
The following topics relate to issues that are of particular interest to engineers and designers concerned with mitred pipe bends. In each section, the information is presented in the same order as the tables -single un-reinforced mitres, followed by single reinforced mitres and then multi-mitres.
Combinations of Loads
With the possible exception of internal pressure, plasticity and contact, the combined effect of various loadings on the elastic response of mitred pipe bends can often be obtained using the 'Principle of Superposition', which is known to be valid as long as behaviour is linear, the deformations are small and these small displacements do not affect substantially the action of the external forces. When internal pressure is present however, the 'Principle of Superposition' can become invalid due to the stiffening effect of the pressure, influencing the behaviour of the bend. The source of this nonlinearity is discussed further in section 3.7. Several early investigations [4, 22] into the behaviour of mitred pipe bends, wrongly assumed that, because all load/deformation curves were linear in their investigations into the individual loading cases, that the 'Principle of Superposition' could be used to determine the combined loading effect.
In his Master's thesis, So [26] carried out experiments on the combined effects of pressure and both in-plane and out-of-plane bending, for two single un-reinforced mitres. So observed that the effect of pressure, was more significant with larger a/t ratios. In addition, he observed that there was a progressive movement of the maximum stress location to the 'crotch' position, with increasing internal pressure. This is indicative of behaviour more and more akin to simple bending theory.
More recently, Gresnigt [91] studied the elastic and plastic behaviour of single mitres with two different bend angles and radius to thickness ratios. The specimens were subjected to in-plane bending moments either opening or closing the bend angle, with either zero pressure or a fixed value of pressure. The author does not discuss the non-linear pressure stiffening effect, although there are significant differences in the flexibility factors, stress intensification factors and 'deformation capacities'.
Markl [48] investigated the effect of a constant internal pressure on the cyclic in-plane and out-of-plane bending fatigue behaviour of multi-mitred bends. Markl reported that the resulting mean stress level had little effect on the magnitude of the fatigue stress concentrations. Although, from a comparison with the S-N curves without pressure, there was a trend present which indicated the increased significance of the constant pressure stresses as the applied variable bending stresses were reduced. This trend would become much more significant for bends with high a/t ratios.
Lane [52] subjected a multi-mitre simultaneously to the action of in-plane bending and internal pressure. Lane reported that the results of the summation of the stresses obtained separately for external loading and with internal pressure, were in good agreement with those obtained in the tests in which the two types of loading were applied simultaneously. Therefore, Lane concluded that the 'Principle of Superposition' could be applied to multi-mitred bends for dimensions and loading conditions similar to those in the above tests. The above results were also reported by Lane & Rose [54] .
Bond [25] and Bond & Kitching [62] reported the results of tests on a multi-mitred pipe bend when subjected to an in-plane bending load at various internal pressures. The results of these tests were compared with those derived from the theory produced by the same authors. The theoretical approach was similar to that used by Rodabaugh & George [75] , for the analysis of smooth bends. The authors concluded that the flexibility factor was not linearly related to pressure and that stress concentration factors due to bending were related to pressure in much the same way as were flexibility factors. Furthermore, it was found that the maximum stresses due to bending did not necessarily occur at the same location or in the same directions, for all pressures. Results obtained using the above theory, also compared favourably with the experimental results of Lane & Rose [54] .
Bond [25] and Kitching & Bond [63] , while investigating out-of-circularity effects, also considered the combined loading case of internal pressure and in-plane bending. The authors reported good agreement between theoretical and experimental results for stresses due to the bending moment and also for flexibility factors, when the specimen was subjected to in-plane bending in the presence of a constant internal pressure. Strains and deflections, in this case, were linear with bending moment for any given pressure. It was also reported that when the specimen was subjected to internal pressure only, or to internal pressure in the presence of a constant bending moment, the relationships between strains and pressure were non-linear. This non-linearity was thought to be caused by initial out-of-circularity of the pipe cross-section. The theoretical distributions bore only partial resemblance to the experimental distributions in this case. Finally, it was concluded that the total strains, due to combinations of internal pressure and in-plane bending, were found to be independent of the sequence of loading for the range of loads used. While this conclusion is true for the bends examined, it is generally dependent on the bend geometry and loading magnitudes [83] .
Rodabaugh [28] discussed combined moment and pressure loading and from a comparison with the results of Bond & Kitching [62] , showed that the approximate expressions derived by Rodabaugh & George [75] , for the effect of internal pressure on the bending behaviour of smooth bends, could be used to assess the effects for multi-mitred bends. The work highlighted the reduction in maximum stress and flexibility with increase in pressure. It would appear from these results that use of the 'Principle of Superposition' to combine the effects of pressure and bending, will overestimate the actual stresses existing in a bend, especially for high a/t ratios.
The "User's Guide to Mitre" by Beveridge & Carmichael [30] , outlines how the 'Mitre' program may be used to determine the flexibility of, and stresses in, multi-mitred pipe bends subjected to internal pressure with or without in and/or out-of-plane bending. The program was derived from the work of Bond [18, 25] . The status of this software is now unknown.
Ingenhousz [66] , for a 90 0 single-segment GRP mitre, found that the deformation due to combinations of pressure, moment and lateral force, was approximately the same as the sum of the deformations found for each of these loads separately.
Yousif & Al-Dakhil [69] , carried out combined pressure with in-plane and out-of-plane bending for a 3-segment and 5-segment mitre. Results were also compared with various theories. The authors concluded that the results obtained for the three different types of loading proved to be superimposable.
In his masters thesis, Lai [36] , using finite element analysis, examined the effects of combined pressure and bending for two single segment mitred bends in the Hunterston 'A' nuclear power station. The finite element programme used did not cater for the 'non-linear' effect of combining pressure and bending and the author used the procedure developed by Rodabaugh [28] to modify the bending results, before algebraically adding to the pressure stresses. Results were compared with those from the 'Mitre' program [30] and it was concluded that the comparison was satisfactory. However, it was noted that simply adding, without factoring, provided a better comparison in this case.
Battle et al [79] , reviewed the information available for the effects of pressure on the flexibility and stress intensification factors for mitred bends, while drafting amendment 3 to BS806:1975 [98] . The working group noted the correlation between experiment and theory on this matter, but also noted that it would be inappropriate to recommend inclusion of this effect for mitred bends, when the code did not consider it for smooth bends. The matter was referred to the main standard committee for consideration. This standard has now been replaced by BSEN 13480 [99] and it would appear that this effect of pressure has yet to be included.
In his PhD thesis, Babaii Kocheckseraii [83] examined combined pressure and bending loading of single mitred pipe bends using large displacement finite element methods. It was concluded that the final stress state was in fact dependent upon the loading sequence.
Babaii Kocheckseraii & Robinson [94] using both experiment and finite element analysis, examined the combined effects of pressure and in-plane bending for a PVC (polyvinyl chloride) lined GRP multi-mitre. The authors concluded that only large displacement finite element analysis is suitable for the practical design of bends subjected to combined internal pressure and in-plane bending. The mechanism of non-linear interaction was beyond the scope of their study, but it was highlighted as being the subject of possible future study.
It is also worth emphasising the complications that the above effects introduce into the analysis of pipelines, especially lines containing pipes with large a/t ratios. The fact that the pressure normally decreases the flexibility factor of the bend, actually results in an increase in the moments being applied to the bend (and of the terminal reactions).
To the author's knowledge, there are no published references pertaining to this subject in relation to single reinforced mitred bends. It is likely however, that the general observations for un-reinforced single and multi-mitres, reported above, will also be applicable to the reinforced case (the significance of the pressure-stiffening effect being less).
End Effects and the Influence of Leg Length
Two factors which affect the flexibility and hence stresses in pipe bends are the location of flanges and the length of 'tangent pipes'. Compared to a smooth pipe bend, the ovalisation of the cross section is reduced due to the mitre intersection and this leads to a further complication in the study of these effects. Zeno in a discussion of reference [49] presented results of a study carried out into the effects of tangent pipe length on the flexibility of a 4-segment mitred bend. Zeno presented a graph which showed the variation of a 'flexibility ratio' with length of tangent pipes. From a consideration of this graph, it was apparent that only approximately 3% of the theoretical flexibility factor was developed, if flat plates were welded directly to the ends of the bend, i.e. zero tangent pipe lengths.
Markl [1] observed that the effect of flanges attached directly to the ends of an elbow, cancelled a large part of the bends' inherent flexibility and at the same time reduced the associated stress concentration. Markl further suggested that the effect of straight tangents was of 'minor importance'. From a study of Zeno's discussion above, Markl suggested that a tangent length equal to at least two pipe diameters should exist between the bend and adjoining flanges or anchors, if the inherent flexibility of the bend was to be fully utilized.
Bond [18] considered the effect of 'leg length' on the behaviour of multi-mitred pipe bends. From his theoretical analysis, he suggested an expression which yielded a value for tangent pipe length which would ensure that the effects of flanges, etc. would be negligible. This length was derived from a consideration of pipe radial deformation. From a study of the results of the Lane & Rose tests [54] , which included various leg lengths, Bond could find no clear trend between leg length and flexibility factor. Bond also investigated the assumptions pertaining to the effect of tangent pipe length, contained in smooth bend analyses and observed that the 'rule of thumb' often adopted, that the leg length should be greater than three diameters, was not a function of wall thickness and may therefore be in error for large a/t ratios.
Kitching & Thompson [21] carried out an extensive investigation into the effect of 'leg length' on the flexibility of single un-reinforced mitres. Bond [25] considered the application of his multi-mitred pressure theory to single un-reinforced mitres. During his examination of this matter he considered experimental results from the literature for single mitres with both 'long' and 'short' leg lengths. He suggested that for mitres with 'short' leg lengths, the system of forces produced by end caps, flanges, etc. would not be negligible at the intersection. This would then necessitate the consideration of the bend unit as a whole, including the influence of the end fixings. From these comparisons, Bond suggested that for single mitres with a mitre angle of 45 0 , leg length was a significant factor affecting the stress distribution in bends of the 'short' category. For bends with a mitre angle less than 30 0 , however, he suggested that leg length was not a significant parameter. This study by Bond highlighted the fact that the pressure stress distributions in single mitred bends were not only a function of the pressure, mitre angle and a/t ratio, but could also be a function of leg length and end fixing.
So [26] , while studying single un-reinforced mitres, examined Kitching & Thompson's [21] formulae for variable flexibility factor and derived suitable values for use with these formulae, for the mitres tested during his own investigation.
Intarangsi [78] , carried out an elastic parametric survey of single mitres and reported results of a limited study of the effect of leg length (segment length) on maximum stress level for an a/t ratio of 20 over a range of bend angles. Maximum stress was found to relatively insensitive over this range of variables.
Lai [36] , using finite element models, examined the effects of shortening the tangent pipe length and the addition of flanges, on the in-plane bending and pressure behaviour of a single segment mitred bend in the gas re-circulating ducts of the Hunterston 'A' nuclear power station. It was noted that these factors were not significant for pressure loading. However, for in-plane bending the stresses were significantly increased by the shortened tangent pipe and significantly reduced when a 'rigid' flange was attached.
Battle et al [79] , reviewed the information available on attachments for mitred bends, while drafting amendment 3 to BS806:1975 [98] . The working group noted the possible stiffening effect of rigid attachments on the flexibility of mitres, but also noted that it would be inappropriate to recommend inclusion of this effect on the flexibility and stress intensification factors for mitred bends, when the code did not make any provision for the effect for smooth bends. The matter was referred to the main standard committee for consideration. It was however noted that the code did make provision for correction of the stress intensification factor for flanged bends. This standard has now been replaced by BSEN 13480 [99] and it would appear that the influence of "end-effects" has yet to be included.
Thickness Variations and Out-of-Circularity
In considering the information available on mitred pipe bends, it is apparent that several researchers have attributed the poor comparisons obtained between theoretical and experimental results to thickness variations and out-of-circularity in the experimental specimens. It was apparent from these discussions that the effect of out-of-circularity in particular, was far more important in the case of internal pressure loading than for any other loading type.
Bond [25] and Kitching & Bond [63] examined a 90 0 , 2-segment mitre subjected to a combination of bending moments and internal pressure. When the bending moments were applied alone, the stress distributions and flexibility factors compared well with theoretical predictions. When internal pressure was applied alone and then combined with bending loads, significant non-linear elastic behaviour was observed. This behaviour was attributed to the initial out-of-circular shape of the pipe section.
Hose [84] and Kitching & Hose [85] examined the strain distributions in five 90 0 PVC lined GRP 3-segment bends. The bends were subjected to the individual loading cases of inplane bending, out-of-plane bending and internal pressure. The 3mm thick PVC liner was wrapped with E-glass CSM (chopped-strand mat) and the manufacturing process resulted in a variation in thickness around the bend profile (thicker at intrados and thinner at extrados). The authors discuss the thickness variation and make suggestions as to how to deal with this in their laminated shell finite element model. However, the theoretical results reported pertain to uniform thickness bends. The comparisons with experiment on this basis are reasonable. The authors also report a variation in the experimental results for nominally identical bends and this is attributed to variability in the manufactured specimens. While thickness variations had relatively little effect on the bending results, the authors report that a radius variation of only 1% can induce severe bending stresses for internal pressure loading.
Creep
The author is unaware of any investigations, experimental or theoretical, having been carried out into the creep behaviour of mitred bends. Several investigators [26, 25] , during 'limit load' investigations, have reported 'cold creep' of the mitred specimens at loads greatly in excess of that required to cause yield. Hose [84] discusses the possible importance of creep on the interlaminar shear stress and modulus for GRP bends.
Fatigue and Fracture Mechanics
Markl [1] carried out fatigue tests (in-plane and out-of-plane bending), on 90 0 single unreinforced mitred bends. Conventional S-N diagrams were presented and positions of fatigue crack failures indicated.
Markl [48, 1] carried out in-plane and out-of-plane bending fatigue tests on various multi-mitre specimens, including single, double and quintuple segment 90 0 bends, with a range of 'crotch spacings'. As well as presenting conventional S-N diagrams, the positions and directions of fatigue cracks were discussed. Markl also investigated the effect of internal pressure, stress relieving and grinding of welds, on the fatigue life of the specimens. Macfarlane [55] investigated the fatigue behaviour of both single segment and double segment bends of varying radius of curvature. The tests consisted of both in-plane and out-of-plane actions. Macfarlane also conducted pulsating pressure fatigue tests on the single segment mitres. The various Piping Codes provide guidance in the use of mitred bends under cyclic load conditions. The information embedded in these Codes is based directly on these studies.
Murray [96] tested 4 nominally identical bends subjected to internal pressure. Two of the bends were subjected to low cycle fatigue pressure cycles of 64000 and 100000 respectively. The magnitude of some alternating pressure components, superimposed on top of a mean pressure level would have been sufficient to cause yielding at the bend intersection. These two bends were then subjected to a static burst pressure. The cyclic pressure test results typically show a non-linear initial loading curve and a linear unloading curve, with a resulting residual strain on the gauges. For the second and all subsequent loadings the curves followed the first unloading curves, indicating that the residual stresses had shaken down. No discussion is presented on the presence of fatigue damage. The author's conclusion that the fatigue life of a welded mitre bend appears to be comparable to that of an equivalent straight pipe is unlikely to be of general applicability.
Bailey & Boulton [72] report an investigation into the low cycle fatigue failure of a mitred joint in an oil pipeline and concluded from a fracture mechanics assessment, that a local stress concentration caused by severe misalignment was sufficient to cause crack growth and failure under the actual number of pressure cycles undergone. It was further concluded that the fatigue failure, which did not occur at the expected position of maximum stress, was due to the growth of existing hydrogen cracks in the weld material. These cracks were caused by the high restraint which resulted from severe misalignment of the mitre joint.
The former Central Electricity Generating Board in the UK conducted an extensive investigation into the effects of cracks in the vicinity of the intersection of the large diameter 90 0 reinforced single mitres which formed part of the CO2 ducting of gas cooled nuclear reactors. This investigation was prompted by the discovery of cracks in these mitres at several power stations. As a result of this investigation, Connors et al [81] was able to present test results for a range of pressurised single mitred bends, reinforced with elliptical inserts of various thicknesses. Some of the bends had various pre-machined defects, at or near seam and butt welds or high stress regions. Tests to failure on these bends allowed the authors to develop fracture mechanics failure models and an assessment procedure based around R6 [101] . The procedure was shown to produce conservative results. The fracture assessment procedure utilised linear elastic results and to this end, brick finite element models were also used to examine the effects of various geometrical variations. The experimental results were used to verify these basic models.
Wood [97] reports detailed strain gauge results for a 90 0 single unreinforced mitre bend subjected to in-plane bending. The linear elastic results are compared with a highly refined thin shell finite element idealisation. The nature of the stresses at such intersections is discussed, as are various methods used to obtain fatigue "hot-spot" stresses.
Non-linearity/Large Displacement/Plasticity/Failure
The 'non-linear' effects which precluded the use of the 'Principle of Superposition' to mitred bends under pressure loading have already been discussed. The post-yield information available in the literature relates to either limit/burst pressure tests or limit/collapse bending moment tests -either in-plane or out-of-plane.
So [26] carried out a successful in-plane bending collapse test for a 90 0 single unreinforced mitre pipe bend, manufactured from aluminium. Although not specifically mentioned, it would appear that the in-plane bending moment was tending to 'close the bend i.e. reduce the bend angle. A collapse load 'F L ' of 6161N (1385lbf) was reported for this test. This compared to a 'gross yield' load 'F GY ' of 1868N (420lbf), giving an F L /F GY ratio of 3.3 and a first yield ratio F L /F FY of 4.6. It was noted in this experiment that the load/deflection behaviour of the bend became time dependent at loads above 2002N (450 lbf). The test on a 120 0 bend was ended prematurely, due to a failure in the test arrangement. Murray [27] reported a burst pressure 'P L ' of 7.2N/mm 2 (1050psi) for a single unreinforced steel mitre. This value compared with a first yield 'P FY ' of 1.9N/mm 2 (270psi), giving a P L /P FY ratio of approximately 3.9. Regions of the bend were whitewashed and gross plastic deformation was observed at pressures above 5.5N/mm 2 (800psi). Using the 'mean diameter formulae' [73] for the calculation of the estimated bursting pressure of a straight circular cylindrical shell, manufactured from the same material as the bend, gives a value of 7.4N/mm 2 (1080psi). This indicates that the burst pressure for the mitre bend, in this test, was approximately 97% of the burst pressure for the corresponding straight pipe. It should be noted that the materials (pipe and weld) used in the above specimens were ductile enough to accommodate the gross plastic deformation which took place.
The report of the Court of Inquiry into the Flixborough Disaster [29] contained some information on two series of tests carried out on mitred pipe bend arrangements. The investigations were concerned with establishing the strength of a temporary 'by-pass' pipe arrangement, the failure of which led directly to an explosion at the Flixborough Works of Nypro (UK) Ltd., in which 28 people were killed. The 'bypass' pipe arrangement consisted of two unreinforced mitred pipe bends welded in a 'dog-leg' fashion and connected to expansion bellows at the exit from each reactor vessel. Little information relating to actual 'by-pass' dimensions could be ascertained, but it would appear that the bend angle of each mitre was approximately 170 0 . The nominal pipe diameter was 20-in., but unfortunately the wall thickness was not contained in the reference. In all, eight simulation tests were carried out. The tests carried out on the bend arrangement consisted of essentially internal pressure with an axial thrust applied along each leg, with balancing shear forces. The axial thrust was related to the internal pressure during most of the test and in the latter stages of the test, the relationship could not be held constant. For this pipe arrangement, the relationship between pressure and mitre deflection was linear up to a pressure of approximately 15kg/cm 2 (P GY =1.5N/mm 2 ). The maximum pressure the 'dog-leg' could sustain was 18.5 kg/cm 2 (P L =1.8N/mm 2 ), giving an approximate P L /P GY ratio of 1.2.
Kitching, Rahimi & So [70] used a shell finite element model to examine the post-yield behaviour of the two aluminium bends with unequal leg lengths, tested by SO and reported in reference [26] . The difference between the finite element and experimental results is appreciable and this was thought to be partly due to the fact that the finite element model assumed an elastic-perfectly plastic material model, whereas the real bend material showed significant strain hardening. In his PhD thesis, Rahimi [82] presents results for 3 stainless steel mitres, with different bend angles, under in-plane bending. The ratios of collapse moment to general yield moment were 2.7, 2.2 and 1.9 for the specimens with 90 0 , 120 0 and 150 0 bend angles respectively. For a 90 0 specimen with a reduced wall thickness in the vicinity of the intersection, the pressure test was not carried on until 'burst', due to a leak in the pressure system. Rahimi reported favourable comparison with large displacement finite element models and a lower bound theoretical solution.
A parametric survey for the in-plane limit moment of single mitres was presented by Robinson & Babaii Kockekseraii [86] . The 'upper bound' results were obtained using shell finite element models. The lower bound theory presented represents an improvement on the theory reported in [83] . The same parametric results were also presented by Babaii Kockekseraii [93] , along with a comparison against the experimental results of [70] . The importance of including large displacement effects in the analysis of bends with combined pressure and bending loads was highlighted by Babaii Kockekseraii [83] and the dependence of the final stress state on loading sequence was also illustrated.
In 2002, Gresnigt [91] presented elastic and plastic results for various single mitres when subjected to in-plane bending, with and without a fixed internal pressure. Although collapse loads and deformations are not discussed, the author presents both elastic and plastic 'limit' values. For the deformations, these limit values are in general much smaller than those at the end of the test. The ratio of plastic to elastic 'deformation capacity' varies between 4.7 and 6.8 over the range of tests. In this case, the ratios relate to the angular rotation of the bend at a set distance from the mitre intersection, taken from the load-deflection plots at departure from linearity (elastic) and at maximum load (plastic). The cyclic load-deflection graphs clearly show ratchetting, although no comment is made on this behaviour or on the purpose of the cycling. It is also noted that the 'deformation capacity' of the mitres in bending, is considerably greater that that for a straight pipe.
Procter [42] carried out a burst test on a 90 0 reinforced mitred pipe bend. The reinforcement of the bend consisted of an elliptical insert-cascade band 31.75mm thick (l.25 inches) with external reinforcement. The actual profile of the external reinforcement is unclear, although it appeared to consist of two elliptical reinforcing rings, several inches apart and joined by a continuous band close to the outer rims. The maximum elastic S.C.F. obtained was 2.4. A strain/pressure graph indicated a departure from nonlinearity at approximately 2.8N/mm 2 (P FY =400psi). Limited surface yielding had probably occurred by this time at a few other positions on the bend however. The bursting pressure (P L ) indicated for this bend was 9.6N/mm 2 (1390psi), giving a P L /P FY ratio of 3.5. From the pressure/volume graph, general yielding was shown to occur at approximately 5.4N/mm 2 (P GY =790psi), giving a P L /P GY ratio of 1.8. From this graph, Procter reported that the volumetric strain was approximately 0.2% at yield and 13.1% at failure. The corresponding values for a straight pipe would be 0.22% and 13.7%, indicating that the burst pressure for the bend was approximately 96% of that for the 'equivalent' straight pipe. The gross distortion evident at failure implied high ductility. Townley & Procter [43] also presented and discussed the implication of the tests reported in reference [42] .
Vrillon, Roche & Baylac [46] presented the results of a comparison between experimental and finite element results for two 90 0 mitred bends reinforced with elliptical inserts. The report considers plastic behaviour, including shakedown. From the strain/pressure graphs and the bend angle/pressure variation, it would appear that the pressure level at the start of non-linear behaviour, for the bend with an a/t ratio of 25, was 54 bar and for the bend with an a/t ratio of 43, was 37 bar. The burst pressure for the specimen with an a/t ratio of 25 was not obtained. For the specimen, with an a/t ratio of 43, the burst pressure was 125 bar (P L ), giving a P L /P FY ratio of approximately 3.4. An interesting observation made during these tests was that, for both bends, the internal pressure caused the bend angle to increase when the bend behaviour was elastic. When the bend behaviour became plastic however, the internal pressure caused the bend angle to decrease.
Gross [50] reported that a load of 6676N (0.67 tons) was required for gross yielding of a 90 0 , 5 segment, mitre (indicated by a departure from linearity of the load/deflection graph). Unfortunately, Gross did not carry the above test to failure and therefore collapse loads could not be obtained.
Lane [52] reported the following results from tests to failure on 90 0 double-segment specimens: (i) In-plane Bending (reducing bend angle): First yield moment, indicated by strain gauges, 'M FY ' was 41759Nm (165 tons-in), whereas the collapse moment 'M L ' was 194271Nm (412 tons-in) giving an M L /M FY ratio of 2.5.
(ii) In-plane bending (increasing bend angle): The first yield moment 'M FY ' was 40241Nm (159 tons-in). However, in this case, no failure was indicated at 264475Nm (1045 tons-in) and the test was discontinued. This indicated an M L /M FY ratio> 6.5. (iii) Internal Pressure: The first yield pressure 'P FY ' was 6.9N/mm 2 (1000psi), whereas bursting 'P L ' occurred at 25.5N/mm 2 (3700psi), giving a P L /P FY ratio of 3.7. This bursting pressure of 25.5N/mm 2 (3700psi) for the mitred bend, compared with a burst pressure of 25.6N/mm 2 (3720psi) for the equivalent straight pipe.
Lane [53] reported the following results from tests to failure on 90 0 single segment mitres: a) In-Plane Bending (reducing bend angle): The general yield moment 'M GY ' indicated by nonlinearity of load/deflection plot, was 47833Nm (189 tons-in), whereas the collapse moment 'M L ' was 95160Nm (376 tons-in), giving an M L /M GY ratio of 2.0. b) In-Plane Bending (increasing bend angle): The general yield moment 'M GY ' was approximately 97691Nm (386 tons-in). Unfortunately, during this test the rig failed, therefore precluding the determination of a collapse load. At the point of rig failure, the maximum moment applied was approximately 187284Nm (740 tons-in), therefore the M L /M GY ratio was in excess of 1.9. c) Internal Pressure: The general yield pressure 'P GY ' was somewhere between 12.4N/mm 2 (1800psi) and 13.4N/mm 2 (1950psi), whereas bursting 'P L ' occurred at 20.0N/mm 2 (2900psi), giving a P L /P GY ratio somewhere between 1.6 and 1.5. This bursting pressure of 20.0N/mm 2 for the mitred bend, compares with a burst pressure of 24.5N/mm 2 (3557psi) for the equivalent straight pipe. The above results were also reported by Lane & Rose [54] .
Bond [25] tested a 90 0 , 2-segment, mitre under the action of an in-plane bending load, tending to reduce the angle of the bend, until it collapsed. The salient points from the test were as follows: 1) Deviation from linearity of end deflection v load plot occurred at 2135N (480 lbf). 'F GY '. 2) Collapse occurred at a total end load of 4239N (953 lbf). 'F L ' giving an F L /F GY = 2.
Murray [96] tested a wide range of 90 0 multi-mitre bends subjected to internal pressure. As shown in Table 3 , the test variables included number of segments, bend radius, grade of steel and to a lesser extent pipe mean radius to thickness ratio. Two nominally identical bends of each type were taken to burst. In all cases the bursting pressure of the welded mitres was greater than 90% of that for an equivalent straight pipe. The author suggests the use of a simple rule that the burst pressure of any mitre be taken as 90% of the bursting pressure of an equivalent straight pipe. While it is concluded that this observation would appear to hold for both mild steel and high tensile steel pipes, the following restrictions are suggested:
• The angle of deflection of the pipes (bend angle/number of segments) should not exceed 45 0 .
• The segment lengths should not be less than the mean radius of the pipe.
• The ductility of the pipe and weld materials should be high and allow plastic strains of the order of 14% before fracture. Intarangsi [78] , carried out a shell finite element plasticity study of various multi-mitres subjected to internal pressure and reported good agreement with available experimental results for some parameters. However, it was noted that a large strain and large displacement formulation would be necessary to predict accurate burst pressures. The need for a carefully controlled experimental benchmark, with welds ground flush, specimen stress relieved, accurate geometry and well-defined material properties, was also highlighted. The experimental results reported, were part of the larger series of tests carried out by Murray [96] and discussed above.
Hose [84] reported the failure of five nominally identical multi-mitre piped bends, with a PVC lined GRP construction as detailed in section 3.3. The failure mechanisms and appearances are discussed for in-plane bending, out-of-plane bending and internal pressure loading.
Most piping codes will attempt to ensure that the minimum thickness of the bend is such that it will guard against gross plastic deformation and will shakedown to elastic action within the first few cycles. Murali, Munshi & Kushwaha [89] discussed the possible extension of the 'B' index for mitred bends in ASME III Boiler and Pressure Vessel Code NB3600 [100] , to a/t ratios > 25. The authors utilised finite element models with both geometric and material nonlinearity to examine the plastic buckling and collapse of a range of 2-segment mitres, with varying a/t ratio, under in-plane bending.
Pre-stressing/Residual Stresses
For bends with relatively high a/t ratios, a 'pre-stress' e.g. caused by internal pressure, may effectively alter both the static and dynamic response. The effect of internal pressure on the static response of mitred bends subjected to bending loads has already been discussed. In most cases, this effect is likely to be due to a large displacement effect rather than a pre-stress effect, although this is not discussed in any of the papers. These different non-linear effects are apparent in the following finite element relationship: Many of the mitred bends outlined in tables 1-3 were stress relieved before testing. Markl [48] however, was the only author to investigate the effects of this on the behaviour of a bend. Markl investigated the effects of stress-relieving on the 'fatigue life' of various specimens. The comments of Intarangsi [78] in relation to the effects of residual stresses on his experimental results are noted in section 3.6. To the author's knowledge, no other references pertaining to this subject, for mitred piped bends, are available.
In-Plane Bending/Opening v Closing
From discussions relating to the elastic behaviour of mitred bends, it is apparent that there is no difference (apart from a change of sign) between moments tending to increase the bend angle and those tending to decrease it. This was also shown to be the case in the finite element analyses described in reference [35] . In contrast to this, discussion of the post-yield behaviour of mitres [26, 70, 82, 83, 84, 85, 91, 93] clearly indicates that there is a substantial difference in the moments required to produce collapse. The collapse moment for 'opening the bend' being much greater than that for 'closing the bend'. Interestingly, Hose [84] reports a nonlinear load deflection curve at all load levels, for an in-plane bending moment closing the bend angle, for a PVC lined GRP bend. For the case on an opening bend angle, the corresponding curve was linear until initial failure of the laminate.
Pressure Loss/Flow Characteristics in Mitred Bends
No attempt has been made in this review to investigate this aspect of mitred bends. Suffice to say that this topic has received its fair share of attention in the literature. It is however worth highlighting several features of mitre design and analysis which have resulted from these studies. The pressure distribution in most mitred bends in a pipeline or ducting system will be nonuniform, due to flow characteristics. This variation has been neglected in all stress analyses of mitred bends so far undertaken. Finite elements would be extremely useful in the analysis of a bend with some significant variation in pressure. Today, fluid-structure interaction software provides the means of predicting such a pressure variation, as well as analyzing the structural behaviour of the mitre resulting from the distribution.
Bowden & Drumm [76] discussed the design and testing of the large CO2 ducts for gascooled nuclear reactors. In this discussion, they emphasised the requirement for low pressure drop. The authors reported that at that time (1960), in a large power station, an expenditure of up to £5000 on each heat exchanger circuit could have been justified for any design feature which would have reduced the circuit pressure drop by 689.5N/m 2 (0.1psi). If one considered a typical station with eight heat exchanger circuits per reactor and perhaps two reactors, the financial incentive to reduce circuit pressure drop must have been great. This requirement for low pressure drop led to the incorporation of guide vanes at the intersection of the 90 0 mitres incorporated in these nuclear stations. The need to inspect highly stressed bends was also considered in the duct layout.
Papers in this section have not been included in Tables 1-3 .
Anisotropy/Orthotropy
Non-isotropic material behaviour can only complicate the analysis of any pressure component -anisotropy being the more general and most difficult case to analyse. Today, finite element analysis presents a feasible approach to the analysis of mitred bends involving such complexity. In this case however, obtaining accurate material models to use in the finite element analysis is often still a significant challenge.
Ingenhousz [66] , Hose [84] , Kitching & Hose [85] , Babaii Kochekseraii [83] and Babaii Kochekseraii & Robinson [94] conducted experiments on PVC-lined GRP multi-mitred bends. However, in all cases, the GRP lay-up was assumed quasi-isotropic. The finite element models of the lined bends utilised 2-ply (GRP and PVC) laminated shell elements, with the PVC ply also being assumed isotropic. The lay-up process leads to a general rounding of the mitre intersection, particularly at the intrados. Hose [84] notes that single mitres are often not attractive for GRP due to the sharp angles and resulting problems forming the matt. The need to reduce the stress concentration due to the 'brittle' nature of GRP also leads to preferential use of multi-mitres.
Piping Codes provide some guidance in the use of mitred bends manufactured from non-metallic materials or lined with non-metals.
Vibration
This topic, in relation to mitre bend design, appears to have received little or no attention in the U.K. In contrast to this, the designers of the gas circuits of some French nuclear reactors appear to have given the topic considerable thought in the past. Baylac & Copin [74] investigated the vibration characteristics of the primary gas circuit for the Chinon 3 nuclear reactor. In particular, they investigated the vibration induced stresses in the 90 0 single-segment mitred bends which form part of the primary gas circuit in the graphite-gas nuclear reactor. The investigation included the internal guide vanes present to reduce pressure losses. The mitred bends were considered as a source of noise, as a position of noise amplification and finally as an area of special interest in relation to the response of the structure. The dynamic analysis of the behaviour of the piping showed that heat exchanger and mitred bend excitations had no effect. The only significant excitation was introduced by the blower vibration, which gave a maximum stress level of 20 MN/m 2 in certain mitred bends. This paper provides a number of other references (in French), relating to the vibration of vaned bend components in the Chinon gas circuits. These references have not been included in this review.
Optimisation
The author is unaware of any optimisation studies of mitred pipe bends. Holland [20] derived theoretical stress equations for the pressure loading of a mitred bend reinforced with an elliptical ring and suggested that there was probably an optimum shape for the outer contour of this ring which, on a weight-for-weight basis, would provide lower stressing of the structure. Ingenhousz [66] using a 90 0 single segment GRP mitre, examined several methods of design improvement. These improvements consisted of methods of reducing the stresses at the intersection via reinforcement. The reinforcement consisted of two increases in wall thickness. The first, was an overall increase in thickness of 5.8 mm. The second was a further 5.8 mm increase in thickness in a region ±60 0 of the crotch position, over the whole length of the bend. Ingenhousz subjected the mitre bend to an internal pressure, in-plane bending moment and an in-plane force, individually and in combination. Perhaps not surprisingly, Ingenhousz concluded that the 'local' increase in thickness resulted in a more efficient utilisation of material than the 'overall' increase.
Clearly the possibility of optimising both the shape of any reinforcing ring and the thickness profile of any mitred bend exists. Other optimisation scenarios can no-doubt be postulated.
Conclusions
A comprehensive review of literature available on all aspects of mitred bend behaviour reveals that there is no theoretical solution available which is applicable to the complete range of bends found in industry. The review shows that all theories so far developed have limitations with varying implications on loading type, bend type and dimensions. Presently, the finite element method is perhaps the only method that is demonstrably applicable to the complete spectrum of mitred bends, materials and loading conditions.
Comprehensive design curves do not exist for the elastic and plastic behaviour of all mitre types, over a practical range of geometry and loading parameters. Similarly, there is still scope for further work on the effect of combined loading, end effects and out-of-circularity. Limit, collapse and burst loads are not yet available across the entire spectrum of bends and loading parameters either. Creep and optimisation represents virgin territory as far as mitred bends are concerned and given that unforeseen vibration is a common source of high-cycle fatigue failure in pipework, there must also be scope for vibration induced fatigue studies. 0 bend. *8 Photo-elastic, frozen stress, Araldite. *9 Reviews some previous work, including standards. *10 Photo-elastic, frozen stress, Araldite. Provides through-thickness results at intersection. *11 Considers hot-spot stresses for fatigue assessment. *12 Considers weld misalignment and low cycle fatigue cracking in an in-service pipeline. Table 3 Chronological presentation of multi-mitre / lobster-back / gusseted bend reference details. Table 1 Chronological presentation of single un-reinforced mitred bend reference details. Table 2 Chronological presentation of single reinforced mitre bend reference details. Table 3 Chronological presentation of multi-mitre / lobster-back / gusseted bend reference details.
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